Lecture # 25

Fourier series

Periodic functions of period 21
The basis of a Fourier series is to represent a periodic function by a trigonometrical series

of the form.

f(x) = Aotci sin (x+au) + c2 sin (2x+02) +¢3 sin (3x+az)+...+cn sin (nx+an)+ ...
where Ay is a constant term

C1, C2, C3....Ca denote the amplitudes of the compound sine terms au, o2, 3..... are
constant auxiliary angles.

Each sine term, c, sin (nx + o) can be expanded thus:

Cn Sin (nX + 0ln) = Ca{sin NX COSOLL1COS N X SINCLL}= (CaSINAL) COS NX + (CaCOSOL) SIN NX
= apCOS NX + bpsin nx

the whole series becomes.

f(x) = Ao +

{an cos nx + b, sin nx}



As we know that Ao +
> {ascosnx + bysinnx};

n=1
which can be written as in the expanded from
Agt(aicosx-+tbisinx)+H(axcos2x-+bosin2x)+ ... + (ancos nx+bpsin nx)+...........
Aotaicosx+azcos2x+.+ancos nx+.. .. +bisinx+bazsin2x+... bysin nx+..........

f(x) = Aotaicosx+azcos2x+.+ancos nx+.. ....+bisinx+basin2x+... busin nx+...

Fouri ffici
We have defined Fourier series in the form

f(x) =Ao+ X {ancosnx+ bysinnx}; n a positive integer
n=1
(a) To find Ao, we integrate f(x) with respect to x from — 7 to 7.
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(b) To find a, we multiply f(x) by cos mx and integrate from — 7 to 7.
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I f(x)cos mx dx = ,[ Apcos mx dx+ 3 { | an cos nx cos mx dx+{ by sin nx cos mx dx}
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To find b, we multiply f(x) by sinmx and integrate from — =« to 7.
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Result For Fourier Series
* o0

2f(x)= ap+Y

n=1
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{ancosnx+b,sinnx};
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(©) bn=lI

f(x) dx = 2xmean value of f(x) over a period

f(x) cos nx dx=2xmean value of f(x) cosnx over a period.
f(x) sin nx dx = 2 x mean value of f(x) sin nx over a period.
T

Ineachcase,n=1, 2, 3,

Example
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" Determine the Fourier series to
represent the periodic function shown.

It is more convenient here to take the limits as 0 to 2.
The function can be defined as

2fx) =%
0<x<2mn
f(x) = f{x +2m) period = 2.
" e "Now to find the coefficients
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0 Now the general expression for a Fourier series is
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2f(x)= ao+2

{an cos nx + by sin nx} Therefore in this case
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{bn sin nx} =

2 +{—1 sinx—2 sin2x—3 sin3x—...} since a,=0



fx)=E_ 1 1

2 {sinx+2 sin2x+3 sin3x+. }



